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A new method for solving the problem of wave propagation in mona-
tomic gases, gas mixtures and plasmas is presented. The method is the 
discrete ordinate method, which consists of approximating the integrations 
of the perturbation distribution function over velocity space by an appro-
priate quadrature0 The accuracy of the method is established by solving 
the problems of forced and free sound wave propagation in a monatomic gas» 
The method is then applied to the very difficult problem of wave propaga-
tion in a binary gas mixture*, Finally, it is demonstrated that the method 
may be applied to the study of plasma oscillations. In all cases, models 
of the Boltzmann collision integral were used. For the one-component sys-
tems, the collision integral was approximated by the models proposed by 
Bhatnagar, Gross and Krook [ll] and by Cercignani and Tironi [33]. The 
model equation of Hamel [34] was used for the binary mixtures. 
The results of this investigation may be summarized in the follow-
ing conclusions? 
lo If a normal mode assumption regarding the space and time de-
pendence of the perturbation distribution function is made, the discrete 
ordinate technique yields results which are very similar to the polynomial 
expansion method. This was demonstrated for both free and forced sound 
wave propagation. For forced sound wave propagation in a simple monatomic 
gas, it was found that the n=8 discrete ordinate solution was comparable 
to the twenty-six term solution of Pekeris, et al. [6]. The n=8 solution 
was also comparable to a Grad 25 moment approximation [7], The free 
XIV 
sound wave solution was similar to the Grad 13 moment theory £l6]. The 
n=8 normal mode solution was in good agreement with the transformation 
theories for r > 1 (the collision frequency greater than the sound fre-
quency )» Excellent agreement with the experimental data of Meyer and 
Sessler [15] was obtained for r > 1. 
2. A solution valid in a highly rarefied gas (r « l) may be ob-
tained by solving for the perturbation distribution function explicitly. 
The solution is in good agreement with experimental data [15] and other 
theories [7, 9, 10, 12] for r < 0,1. This method of solution also yields 
the transient development of the perturbation pressure field. It was 
found that the approach to a steady state is quite rapid. 
3. A solution to the problem of forced sound propagation in a 
binary gas mixture was obtained which has the correct "classical" limits 
for r » 1 and has the correct dependence on the concentrations of the two 
componentsc The solution was in excellent agreement with the experimental 
data of Holmes and Tempest [19] for both Argon-Helium and Neon-Helium mix-
tures., A solution was also obtained for an Argon-Neon mixture,, 
4c The problem of free sound wave propagation in a binary mixture 
was also solved* There is no known theory with which this solution may be 
compared, however, the solution appears reasonable. 
5. It is possible to use the method of discrete ordinates in the 
study of plasma oscillations. This was demonstrated by solving the problem 
of longitudinal electrostatic oscillations in a one-component plasma. The 
solution obtained was in good agreement with the theory of Bhatnagar, Gross 
and Krook [ll]. It was found that the results predicted by the BGK and CT 
models were in very close agreement., 
XV 
6. A major advantage of the discrete ordinate method is the ease 
with which higher approximations may be obtained. It appears that the 




Review of Recent Literature 
In recent years considerable interest has been generated in kinetic 
theory descriptions of wave propagation in gases and plasmas. Theories 
concerning wave propagation based on macroscopic governing equations are 
strictly valid only when some characteristic frequency of the wave is much 
less than the collision frequency of the gas or plasma. This restriction 
is analogous to the requirement that the Knudsen number based on some char-
acteristic length be small for gasdynamics problems to be described by 
macroscopic governing equations. If the characteristic frequency of the 
wave is much larger than the collision frequency of the gas, then the macro-
scopic equations must be replaced by the Boltzmann equation of kinetic 
theory. A further discussion of this point may be found in the survey 
article by Shermann and Talbot [l]. 
In the kinetic theory study of linearized wave propagation, two so-
lution techniques have been used most frequently - the polynomial expansion 
method and the Fourier-Laplace transformation method. 
Characteristic of the polynomial expansion method is the series ex-
pansion of the perturbation to a zero-order distribution function in an 
appropriate set of orthogonal polynomials. If the zero-order distribution 
function is Maxwellian, for example, Sonine-Legendre polynomials are used. 
Since in general an infinite number of terms are required to represent the 
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perturbation exactly, one obtains an infinite system of partial differen-
tial equations for the coefficients of the polynomials. By taking the 
normal mode approach of assuming an exponential space and time dependence 
for the coefficients, the system of partial differential equations is re-
duced to an infinite system of algebraic equations. To complete the solu-
tion, a truncation of the system is necessary. The usual assumption is 
that all coefficients higher than a specified degree are zero. This trun-
cation is characteristic of the Grad moment method [2]. A major disad-
vantage of the orthogonal polynomial method is that each approximation is 
independent of previous approximations. Because of this, higher approxima-
tions are increasingly difficult to obtain. 
When using the Fourier-Laplace transformation method, one operates 
on the governing equation for the perturbation with a Laplace transform in 
time and a Fourier transform in space. After the usual algebraic manipula-
tions, the perturbation may be obtained by inverting the Fourier-Laplace 
transform^ Aside from an asymptotic analysis, such an inversion is not 
usually feasible. Even though it may not be possible to obtain the pertur-
bation explicitly, the relation between the wave number and frequency of 
the wave (the dispersion relation) may be determined. Because of the com-
plexity of the Fourier-Laplace solution, the dispersion relation must fre-
quently be programmed for solution. 
Rather than formally introducing the Fourier-Laplace transform, one 
may assume that the perturbation has a space and time dependence character-
istic of a plane wave* The analysis leading to the dispersion relation is 
very similar to that used in the transformation method, and it may be shown 
that the dispersion relation is identical to the one obtained from the 
3 
Fourier-Laplace transformation (see, e.g., Reference [3]). 
In the paragraphs which follow, a review of the recent literature 
on wave propagation will be given. In particular, the work (theoretical 
and experimental) on wave propagation in neutral gases, gas mixtures, and 
plasmas will be considered. 
Waves in neutral gases are generally classified as either free or 
forced, depending on how they are created. Free wave refers to the wave 
which propagates as the result of an initial disturbance, while forced 
wave denotes a wave created by an external agent, for example^ an oscillat-
ing piston. The former is an initial value problem, the latter a boundary 
value problem. 
The first significant attempt to solve the problem of forced oscil-
lations in a neutral gas using kinetic theory was made by Wang Chang and 
Uhlenbeck [4], who expanded the perturbation in a series of eigenfunctions 
of the linearized collision integral for Maxwellian molecules. Several 
approximations to the resultant infinite system of equations for the coeffi 
cients were considered, each of which failed to converge in the highly re-
rafied regime because of the manner in which the infinite system was trun-
cated. The work of Wang Chang and Uhlenbeck was later extended by Pekeris 
et al., [5,6], who obtained much higher approximations for both Maxwellian 
and hard sphere molecules. 
Kahn and Mintzer [7] avoided the convergence difficulties of Wang 
Chang and Uhlenbeck's solution by truncating the system of equations for 
the coefficients according to the Grad moment method. Since their results 
converged slowly in the highly rarefied regime, they argued that an ex-
pansion around a Maxwellian equilibrium was incorrect. By expanding around 
4 
a distribution function which satisfied the collisionless Boltzraann equa-
tion, a solution for the highly rarefied regime was obtained. However, 
Toba [8] has noted that their collisionless distribution function was in-
correct, and both Sirovich and Thurber [9], and Buckner and Ferziger [10] 
have demonstrated that excellent agreement with the experimental data in 
the highly rarefied regime may be obtained from the perturbation around a 
Maxwellian equilibrium distribution0 
The propagation of sound in an isothermal gas was considered in the 
article [ll] in which the BGK model was postulated* More recently j, the 
same problem was treated by Ostrowsky and Kleitman [3], who also demon-
strated the equivalence of the results obtained by using the normal mode 
assumption with those obtained using the Fourier-Laplace transformation. 
Mason [12] considered the isothermal BGK model modified with a source term 
which included the effect of the oscillating boundary. Using the trans-
formation method, he obtained results which were in qualitative agreement 
with the experimental data in the highly rarafied regime. 
A solution has also been given by Holway [13], who treated the prob-
lem using the ellipsoidal distribution model of the Boltzmann equation* 
His solution, like many of the others, is in good agreement with the ex-
perimental data in the continuum regime and deviates from the data as the 
gas becomes rarefied. Also of interest is his discussion of the polynomial 
expansion method when the perturbation is around a Maxwellian equilibrium 
Because of the complexity of the Boltzmann collision integral, many 
authors have used models of the Boltzmann equation. These models retain 
many of the characteristics of the full collision integral, but are con-
siderably simpler mathematically. Perhaps the most familiar one is the 
single relaxation time model proposed by Bhatnagar, Gross, and Krook [ll]. 
(This will be called the BGK model.) 
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distribution. It is shown that the expansion converges, but that the con-
vergence is extremely slow when the ratio of collision frequency to sound 
frequency is small (r < l). 
Sirovich and Thurber [9] have presented one of the better solutions. 
By using a Fourier-Laplace transformation on model equations which may be 
derived from the linearized Boltzmann equation, they have obtained very good 
agreement with the experimental data from the continuum to the highly rare-
fied regime. It should be noted, however, that the highly rarafied solutions 
are obtained by effecting an analytic continuation of the dispersion relation 
in the less rarefied regime,, 
The best solution to date is that of Buckner and Ferziger [10]. 
Their analysis is based upon models of the Boltzmann collision integral. 
In the continuum regime the solution is obtained by assuming an appropriate 
space and time dependence for the perturbation. As mentioned earlier, this 
technique is similar to the transformation method. The results in the rare-
fied regime were obtained from the solution for the perturbation. Once the 
perturbation is known the pressure field may be calculated and, in turn, 
the pressure field yields the absorption and dispersion of the wave. The 
absorption and dispersion are in excellent agreement with the experimental 
data from the continuum to the highly rarefied regime. 
The theoretical solutions may be compared with two sets of experi-
mental data. The speed and absorption of sound were measured in various 
monatomic gases by Greenspan [14] and by Meyer and Sessler [15]. Both in-
vestigators held the sound frequency constant and varied the gas pressure. 
Greenspan used a quartz crystal oscillator and receiver at a frequency of 
11,000 kc/sec, and Meyer and Sessler employed an electrostatic condenser 
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transmitter and receiver at frequencies of 100 kc/sec and 200 kc/sec. 
The speed of the wave is obtained from the phase difference between a 
direct signal from the driving oscillator and the signal received at the 
receiver as a function of the sound path. The absorption of the sound 
disturbance was obtained from the logarithmic decrement in the sound level 
of the signal as a function of the sound path by varying the distance be-
tween the transmitter and receiver. 
The propagation of an initial disturbance is one of the most funda-
mental problems in the kinetic theory of gases. However, there have been 
few attempts to solve this problem* Sirovich and Thurber [16] have in-
vestigated this initial value problem, again using kinetic models of the 
Boltzmann collision integral. In addition to the Fourier-Laplace solution, 
solutions obtained using the Grad moment method, the Navier-Stokes equa-
tions and the Burnett equations are presented. Buckner and Ferziger [17] 
have also treated this problem, but they present no numerical results. No 
experimental data are available with which to compare these solutions as 
yet. 
Very little kinetic theory work has been done on wave propagation 
in gas mixtures, primarily because of the complexity of the governing equa-
tionso Liboff [18] treated the problem of forced wave propagation using 
a kinetic model which contained, in addition to the familiar relaxation 
term of the BGK model, coupling terms which were proportional to the tem-
perature and velocity differences of the gases. However, rather than the 
kinetic equations, macroscopic equations developed by taking appropriate 
moments of the kinetic equations were used. Because these equations con-
tained a large number of independent parameters, only special limiting 
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cases were considered. As the parameters representing collision frequen-
cies of the gases were not related to properties of the gases, no compari-
son with experiment was possible. 
Theoretical solutions for gas mixtures may be compared with two sets 
of data. Holmes and Tempest [19] have measured the absorption and speed 
of sound in an A-He mixture, and the absorption in the mixtures Ne-He and 
Kr-He over the entire concentration range and at various pressures. Petralia 
[20] made similar measurements in an A-He mixture, but his results fail to 
agree with either those of Holmes and Tempest or macroscopic theory. 
Greenspan [21] has attributed this discrepancy to experimental error. It 
should be noted that experiments have been carried out in the nondispersive 
(continuum) region only. 
No theoretical solutions or experimental data for the problem of 
free sound waves in gas mixtures could be found in the literature. 
Wave propagation in a plasma is far more complex than in a neutral 
gas. Although a plasma is capable of a wide variety of oscillatory motions, 
the discussion here is restricted to longitudinal electrostatic modes. 
Other possible modes are discussed in Reference [22]. The discussion is 
further restricted to one-component plasmas. 
The early microscopic studies of electrostatic oscillations in a 
one-component plasma by Vlasov [23] and by Landau [24] were based on the 
collisionless Boltzmann (or Vlasov) equation. It should be noted that many 
of the current investigations are also based on this equation. 
The effects of collisions in a one-component plasma were considered 
by Bhatnagar, Gross, and Krook [ll], who replaced the Boltzmann collision 
integral with a single relaxation time collision term. Using a Fourier-
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Laplace transformation, they considered the evolution of an initial dis-
turbance in an unbounded plasma. It was found that if the wave length of 
the disturbance were large compared to either the Debye length or the mean 
free path, a small change in frequency resulted as the collision frequency 
varied from zero to infinity. The accompanying absorption was small, reach-
ing its maximum value when the collision frequency equaled the plasma fre-
quency » For disturbances with wave lengths smaller than both the Debye 
length and the mean free path, a very high absorption occurred. 
Discussion of the Method 
The method of discrete ordinates was first used in the field of ra-
diative transfer by Chandrasekhar [25]. Krook [26] suggested the applica-
tion of this method of solution to the Boltzmann equation in 1955 and showed 
that for linear problems the method was closely related to the polynomial 
expansion method. However, it was not until recently that the method was 
applied to a wide class of gasdynamics problems. Huang and Giddens have 
used this solution technique to solve the linearized Couette flow problem 
(steady and unsteady) [27,28], the linearized channel flow problem [29] 
and the linearized Rayleigh problem [30,31] <> It was found that the dis-
crete method with an appropriate quadrature yields more accurate results 
over a wider range of Knudsen numbers for a given amount of computational 
effort than any of the other existing approximate analytical techniques. 
The method has recently been generalized by Huang [32] to apply to non-
linear problems. 
For linear problems, the technique consists of replacing integra-
tions over velocity space of the perturbation distribution function in the 
Boltzmann equation by an appropriate quadrature. The velocity dependence 
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of the perturbation to the distribution function is thus approximated by 
a set of functions, each evaluated at appropriate discrete points in ve-
locity space. Thus, rather than solving a single integro-differential 
equation for a function of space, time, and velocity, one solves a linear 
system of first order partial differential equations for a set of functions 
which are continuous in space and time, but are point-functions in velo-
city space. The solution to this system of partial differential equations 
is thus an approximation in the sense of a numerical truncation to the 
true distribution function* 
Purpose of the Research 
In this thesis the problem of wave propagation in monatomic gases, 
gas mixtures and plasmas will be investigated using the method of dis-
crete ordinates. The investigation will be conducted in three phases. 
First, the problem of forced and free sound propagation in a mon-
atomic gas will be solved to determine the accuracy and limitations of the 
discrete ordinate method. These problems were chosen because many theories 
and good experimental data exist with which to compare the discrete ordi-
nate solution. This analysis will be based upon the model equations pro-
posed by Bhatnagar, Gross, and Krook (or the BGK model) [ll] and by 
Cercignani and Tironi (or CT model) [33]. 
After the accuracy of the discrete ordinate method is established, 
the problem of forced and free sound propagation in gas mixtures will be 
treated using the model equation proposed by Hamel [34]. 
Finally, to demonstrate that the method of discrete ordinates may 
be applied to the study of plasma oscillations, longitudinal electrostatic 
10 
waves in a one-component plasma will be investigated. 
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CHAPTER II 
FORCED SOUND WAVE PROPAGATION IN A RAREFIED GAS 
In this chapter the problem of forced oscillations in a simple 
monatomic gas will be considered using the model equations of Bhatnagar, 
Gross and Krook (the BGK model) [ll] and of Cercignani and Tironi (the 
CT model) [33]. A normal mode analysis of the BGK and CT models will be 
performed. In addition, a solution valid in a highly rarefied gas will 
be obtained by solving the BGK model for the perturbation distribution 
function explicitly. A discussion of the limitations of the normal mode 
solution will be given later= 
The physical problem is shown in Figure 1. A semi-infinite, mona-
tomic gas of mass m with an equilibrium temperature T , pressure p and 
number density n is disturbed by a harmonically oscillating piston. The 
piston oscillates normal to the y-z plane with an angular frequency w. 
The amplitude and velocity of the oscillation are assumed small. 
Theoretical Formulation (Normal Mode Solution) 
BGK Model 
Discussion of the Model Equation- In this section the governing 
equation is the linearized, single relaxation time collision model postu-
lated by Bhatnagar, Gross and Krook [ll]. This is perhaps the simplest 
and most useful model of the Boltzmann equation and may be shown to be a 
first approximation to the linearized Boltzmann collision integral for 
Maxwellian molecules (see, e.g., Reference [9]). 
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Figure 1. Geometry and Coordinate System for 
Forced Sound Propagation. 
13 
In the absence of body forces the equation is [ll] 
P o $ + c x E - i t - ^ * 2 e x q ; + <c
2-f)T'], M 
where $ is the perturbation of the distribution function, f, from an abso-
lute Maxwellian distribution and is defined by 
f = p ^ f o [ l + <D(x ,c , t ) ] , (2) 
where 
1/2 
•o - < ^ r > ( 3 ) 
o 
and 
' o - v " V 2 - - e • < 4 ) 
The molecular mass is denoted by m; k is Boltzmann's constant and c is the 
molecular velocity nondimensionalized by the most probable molecular speed, 
l/p • The quantities n', q' and T* are the perturbation number density, 
O X 
macroscopic velocity and temperature, respectively, and are given by 
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n' = %~ ' I e $ ( x , c , , t ) d c, (5) 
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T = g- it" ' J e ( c 1 - T j M x j C j ^ O d c 1 (7) 
where n 1 , q* and T are normalized by n , l /p and T , r e s p e c t i v e l y , and 
J
+OO +0O n^°° 
d c, - dc dc dc i s used. 
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The parameter 0 is related to the mean free path, -L, by 
0 = ^ - t . (8) 
VTt 
Normal Mode Assumption. Since in this section a normal mode solu-
tion is being sought, it is assumed that 
0 (x,c,t) = 9(c)e
1 ( u t- K x ) , (9) 
where cp is a function of molecular velocity alone, i = </-l , u is the an-
gular frequency and K is the complex wave number. The problem is to deter-
mine K for a given frequency u. After K is found, the phase velocity of 
the wave is given by TT~ , and the absorption by KT, where KD and KT are 
KR I R I 
the real and imaginary parts of K, respectively. Physically, TT- is the 
I 
distance required for the wave to attenuate to l/e of its initial ampli-
tude. 
By substituting the assumed solution into Equation (l), introduc-
ing Equations (5), (6) and (7), cancelling the exponential term and re-
arranging, one obtains the integral equation 
2 
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15 
2 
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+ ̂  (c - ^h J e {c1 - ̂ ) cpCc1 ;d cx . 
Transformation of Integral Equation. The integrals in Equation 
(10) are three-fold, the range of each integration being from - 00 to + °°. 
If each integration is approximated by a quadrature using n positive dis-
crete points and an equal number of negative points, there results a sys-
3 3 
tern of 8n equations for the perturbation evaluated at 8n different 
points in velocity space. Fortunately, it is not necessary to deal with 
systems of this magnitude. Two of the three integrations may be eliminated 
by introducing the functions 
2 2 





+ 00 „+ °° - C - C 
(c v)=ic"
3 / 2r dcv f d e e
 y z(cl + cthCc) . (12) 
x j y j z y z y
J -<» z y 
This type of transformation was first used by van Kampen [35] in 
the study of oscillations in a one-component, collisionless plasma. Later, 
Bernstein, Trehan and Weenick [36] treated the same problem and demon-
strated that the results obtained from the transformed system are identi-
cal to those obtained from the original equation. Because collisions were 
neglected in both of these studies, it was only necessary to introduce the 
first function. More recently, both Bienkowski [37] and Chu [38] have 
used this transformation in the analysis of a number of gas dynamics prob-
lems. 
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In terms of ij>(c ) and r\(c ) , Equation (10) becomes 
A j \ 
2 
+ 00 - C 
(iuOB - i c OK + l)cp(c) = f e X l 1(1 (c )dcv 
O X J X T X -, 
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( 1 3 ) 
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' J * ' W e , ) + (c2 -§H(c ) ]dV 
The t rans format ion i s completed by i n t e g r a t i n g Equation (13) over 
_ c 2_ c 2 2 2 - c ^ c
2 
(c , c ) us ing the two weight ing funct ions e V z and (c + c )e 
2 2 
- c - c 
Multiplying Equation (13) by e and performing the (c ,c ) inte-
y z 
g r a t i o n y i e l d 
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Mult ip ly ing Equation (13) by (c + c )e y and performing the same in-
t e g r a t i o n y i e l d 
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2 _ c
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The use of tjj(c ) and i){c ) thus t ransforms the s i n g l e i n t e g r a l 
X A 
equation involving a three-fold integration into a coupled pair of inte-
gral equations involving a single integration. Accordingly, when the in-
tegrals are approximated by an appropriate quadrature, the order of the 
3 
resultant system is 4n rather than 8n . 
Introduction of Forced Sound Wave Parameter. Now consider the term 
(iuOB - ic OK + 1) 
\J X 
in more detail. The parameter p is related the adiabatic speed of sound, 
a = (Y ) 




= Si f , (16) Po = ^ 1 a 
0 
where y is the ratio of specific heats (equal to 5/3 for a monatomic gas). 




A = ^ . (17) 
0 u 
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Using Equations (8), (16) and (17), one may write 
(iuOp - ic„©K + 1) » i4(-^L)1/2 K„ (18) 
o x 
Ka 
- ?4«/ic c — - K + 1 




For the problem of forced sound wave propagation, it is customary 





where p is the equilibrium pressure, \i the viscosity coefficient and w 
the angular frequency, rather than the Knudsen number, K , based on the 
wavelength A . The two parameters are related through the following 
equation 
" 5^(2^)1/2 r 
As noted in Reference [9], Equation (21) is obtained by using the mean 
free path for hard sphere molecules. Physically, r is a measure of the 
ratio of the collision frequency to the sound frequency. Using equation 
(21), one obtains 
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K = ^ 
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Substitution of Equation (22) into Equations (14) and (15) yields 
^ ( ? l f i - i / ^ f i c x K + lH(c x)= (23) 
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- c , - c 
+ 00 x , _+oo x 
f e ! f ( c )dc + 2 c f e 1 c \J)(c )dc 
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Discrete Ordinate Solution. The simultaneous solution of Equations 
(23) and (24) by the discrete ordinate method requires the approximation 
of the various integrals by finite summations. That is, one writes, for 
example, 
- c 2n 
+ 00 X. 
J" • 1 i ( v ) d c x , a I H i i < e i > > 
—00 1 1 . . i=l 
where H, is the i weighting coefficient and c. is the i discrete ve-
locity point at which the function t\ is evaluated. In general, H. and c. 
depend upon the order of the approximation desired, the weighting function 
of the integral and the limits of the integration. 
It has been well established that the modified Gaussian quadrature 
yields the most accurate results in the rarefied regime (see, e.g., Refer-
ences [27] and [29]). For this reason, the modified quadrature will be 
used in all subsequent calculations. The c. and H. for the modified quad-
rature are listed in Table 1 for values of n from 1 to 8. These values 
were obtained from Reference [39]. 
Applying the discrete ordinate method to Equations (23) and (24) 
yields 




+ 1 Te^^t I HitM-^i *«*i 
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1.779729480 0.332466497 X 
2.669760263 0.824853772 X 





" 1 2 
1.465691545 0.760135170 X 
2.172716470 0.685210492 X 
3.036815972 0.984442006 X 







" 1 2 
1.838440401 0.218895217 X 
2.531553434 0.123780543 X 
3.373437976 0.109889525 X 











1.587766508 0.448128001 X 
2.185429830 0.540120585 X 
2.862054102 0.194398570 X 
3.686276823 0.160745515 X 
and 
2n 
^ f l ^ 7 6 ^ Z H iC l + 2vi+M + i , ( c ?-f>>i 





+ (^^^-1T6V^^)U = \ 
n = number of positive discrete velocity points, 
H„ = i weighting function, 
„ th ,. . c. - 1 discrete velocity point on c axis, 
i X]_ 
en = Z- discrete velocity point on c axis, 
and 
*i =^(c.), 
t)i = n(ci), 
The following convention has been assumed for the indexes: 
ct < 0 , i = 1, 2, ..., n, 
c. > 0 , i = n+1, n+2, ..., 2n, 
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Ci " C2n+l-i 
c = c« if i = £ , 
H. > 0 , 
1 7 
i - 1, 2, ..., 2n 
and 
l 2n+l-l 
By letting £ = 1, 2, ..., 2n, one obtains a linear homogeneous 
system of algebraic equations of order 4n in the 4n unknowns (T{>,, TJU, ..., 
^o > tli* ̂ o' °°'> lon^' This system of equations is of the form '2n> Ml '2n 









I - Identity matrix 
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and 
A is the matrix with elements 
Aii = (^^-1f6^^ti+rt6*^f Hi (29) 
.[1 + 2 V . +f(c|-i)(c2-|)] , 
Ai,i«„ = ̂ ^ 7 6 ^ Hi f (c| " |)] , (30) 
Y+2n,i "
 T 1 6 ^ ^ t "i[l + ̂  + l(% + 2 K C i " 2 ) L 
(31) 
^^ -^ = ( */s76 — - i 7^-^>H —) &D • (32) 
-t-+2n, i+2n ' c» 16 c» -M } $ 
+ ? i l ^ f »&£ + &. 
where 
J, = (1, 2, ..., 2n), 
i = (1, 2, ..., 2n). 
A non-trivial solution will exist for this system if the determinant of the 
coefficient matrix, (A - Kl), is zero. Since this determinant is zero if 
K is an eigenvalue of A, the phase velocity and absorption of the sound 
wave can be found once the eigenvalues of A are calculated. 
CT Model 
Discussion of the Model Equation. The analysis of this section is 
25 
based upon the model equation recently proposed by Cercignani and Tironi 
[33]. This model is derived by the method suggested by Gross and Jackson 
[4l]. It has been applied to several linearized gas dynamics problems 
and shown to yield more accurate results than the BGK model. It should 
be noted that this equation can be made to predict the correct Prandtl 
number for a monatomic gas, in contrast to the BGK model which predicts 
a Prandtl number of 1* 
In the absence of body forces, the CT model of the Boltzmann 
equation is written [33] 
(33) ft M J 9$ 2 r . , , _ . , / 2 3x ' 
K at + cx a? = TwJQ [" * + n + 2cx\ + (c " 2 ) T 
- Xc.Cjplj + 2 c (n' + T')] 
The constant X may be adjusted so as to predict the correct Prandtl number 
for the gas (Pr = TTn)• Note that Equation (33) reduces to the BGK model 
for X = 0. The perturbation pressure term is denoted by p!.. For a plane 
wave propagating in the x-direction, one may show 
2 
. 2 - 3 / 2 r ~C1 2 . / . x ,3 
C i C j P i j x* J e cx ( x > CV ' C l 
(34) 
2 
1 / 2 , 2x -3/2 p Cl / 2 2 w - . x ,3 
1 ^Cy Cz ) i r e (cy cz ^ (x' ci> t ) d ci 
Normal Mode Formulation. The formulation from this point is iden-
tical to the formulation for the BGK model and is therefore sketched very 
briefly. The substitution of Equations (5), (6), (7) and (34) into 
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Equation (33) yields the governing equation for the perturbation <I>(x,c,t) 
By introducing the normal mode assumption, Equation (9), an equation for 
<p(-\ is obtained. This equation may be transformed to the following pair 
of coupled equations 
„aSiU21l_~imS±Jr2lCxZl+ l ) + ( C x ) . ( 3 5 ) 
2 2 
, - c , - c 
+ oo x , +oo X , 
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- 0 0 1 1 -OO 1 1 1 
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>oo x + f <cx -¥\ * ' [ " V ' ^ ' ^ V 
- oo 1 1 1 
dc 
+ X 
+ 00 Y 
2 2 . l x p X l 2 - 7 c + - [ e c ^ ( c )dc 
3 x 3 J x , Y x, x, 
-oo 1 1 1 
f i 2 K r + 0 ° C x i i \A 
+ ( i c x ' 6 ) J e 1 ( c x . ) d c x . 
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and 
/F( i £ % ^ > I - i 7S7S ^ % ^ c K 1 + l)„(c ) -
5TT r 5TT x r ' x (36) 
J 
, - c 
+ 00 X 
T|J(C )dc + 2c 
x l x l X J 
+ oo X 
c tj)(c )dc 
x l x l x l 
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+ oo X. 
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. . ["/ 2 2 , 2x p" 
+ H ( - 3 Cx + 3} J 
, 1 2 l x 
+ ( 3 Cx " 2 ) 
, - c . 
+ oo x T](c )dc , 
x l x l 
where T|J(c ) and r|(c ) are given by Equations ( l l ) and (12) , r e s p e c t i v e l y , 
By approximating the i n t e g r a l s in Equations (35) and (36) by f i n i t e sum-
mat ions , one ob ta ins a system of equat ions of the form 
A ( - ) - T K ( - ) , 
where A has the elements 
^ ^ ^ ^ - ^ s i r ^ ^ i ^ s i d ^ y ^ ^ ^ <37> 
+ 2ctc. + §(«£ - ±)(e* - f )+X{-§ c\ + i)cf 
A t , i + 2 n = l 8 i r T 2 l ^ ^ f- H. [ f (c£ - ± ) + X(f cf - ±)] , (38) 
1 
W,i = ! i l T T ^ y ^ W ^ H.[l + 2 V . + | ( c | + ±)(e* i) 2 ' 
. , , 2 2 . 2 , 2 
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The absorption and dispersion are again obtained by calculating 
the eigenvalues of A. 
Computational Procedure (Normal Mode Solution) 
Once values of n and r (and X for the CT model) have been speci-
fied, a simple variation of h and i completely determines the matrix A. 
To find the eigenvalues of A, the matrix is first reduced to a tridiagonal 
matrix* The calculation involves a number of pre- and post-multiplications 
of the matrix A by certain matrices which depend upon the elements of A. 
A complete discussion of the procedure used may be found in Reference 42 
When the tridiagonal matrix has been obtained, a straight-forward 
calculation yields the characteristic polynomial. The eigenvalues of A 
are determined once the zeroes of this polynomial are computed. To calcu-
late the zeroes, a variation of Ward's downhill method was used. For the 
details of this method, see Reference 43 
Discussion of Results (Normal Mode Solution) 
In this section the discrete ordinate normal mode solutions are 
compared with solutions obtained using other techniques and with the ex-
perimental data of Meyer and Sessler Il5| . The experimental results of 
* 
All calculations were performed on a Burrough's B5500 digital computer. 
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Greenspan [14] are in very close agreement with those of Reference [15] 
and are not presented, 
Discrete ordinate solutions were obtained for n = 4 to 8. The 
parameter r, the ratio of collision frequency to sound frequency, was 
varied from 0.1 to 100o All calculations for the CT model are for 
\ = IcO, the value which gives a Prandtl number of 2/3. 
It was found that for r > 2, excellent convergence was obtained 
for the absorption and dispersion coefficients for both models. The range 
of convergence may be extended to smaller values of r by increasing n, 
however, the extension is not significant (the n = 6 solution diverges 
from the n =* 8 solution at r * 1.25). This slow convergence is not sur-
prising when one considers the similarity between the discrete ordinate 
solution and the polynomial expansion method (it has been shown by 
Holway [13] that the convergence of the polynomial expansion solution is 
extremely slow when the collision frequency of the gas is comparable to 
the frequency of the sound wave). 
"KIao 
The n * 8 solutions for the absorption coefficient, , and the 
a 
dispersion coefficient, —-, are compared with the experimental data of 
Meyer and Sessler [15] in Figures 2 and 3. Note that excellent agreement 
with the experimental data is obtained for r > 1 for both the BGK and CT 
models. The BGK model slightly underestimates the absorption, but this has 
been observed by other investigators [10] and may be attributed to the 
incorrect Prandtl number predicted by the BGK model. For r < 1, the com-
parison with experiment is not very good. 
There are two possible explanations for this disagreement with the ex-
perimental data for r < L Both Sirovieh and Thurber [9] and Buekner and 
O Experimental Data of Meyer and Ses s l e r , Reference [15] 
Presen t Theory, n = 8 
BGK Model 
O O '—©" 




r = PQ/\M 
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Comparison of Discrete Ordinate n 
with Experimental Data. 
= 8 Solution for the Dispersion Coefficient 
Experimental Data of Meyer and Sessler, Reference [15] 
Present Theory, n = 8 
0.1 1.0 10.0 100.0 
r = po/u.u 
Figure 3. Comparison of Discrete Ordinate n = 8 Solution for the Absorption Coefficient 
With Experimental Data. 
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and Ferziger [10] have shown that for models of the Boltzmann equation 
there exist critical values of r beyond which no dispersion relation exists 
( r ; 0.74 for the BGK model). These critical values of r depend upon the 
model equation, however, and there are no observable discontinuities in 
measurable properties at the critical value of r. A physical explanation 
has been given by Greenspan [21], who suggested that it is probable that 
modes other than the sound mode are observed when r is small. The discrete 
ordinate solution tends to substantiate this latter proposal* For r < 1, 
it was found that there were several modes with damping comparable to the 
sound mode* It thus seems reasonable to assume that the perturbation pres-
sure is determined by some combination of these other modes and the sound 
mode. This point will be investigated further in the next section. 
Figures 4 and 5 are a comparison of the n = 8 discrete ordinate so-
lution with the polynomial expansion theories. All of the theories except 
the one of Kahn and Mintzer [7] are based upon a perturbation around a 
Maxwellian equilibrium distribution. The discrete ordinate solution com-
pares favorably with the expansion theories. Note that the n = 8 discrete 
ordinate solution gives results which are comparable to those of Pekeris, 
et al. [5], for a polynomial expansion in which twenty-six terms are re-
tained. The n = 8 solution is also very close to the Grad 25 moment approx-
imation [7]. The expansion theories all converge to the discrete ordinate 
solution for the CT model at large values of r(r > 3). 
A comparison of the discrete ordinate n = 8 solution with the trans-
formation theories is given in Figures 6 and 7. The discrete ordinate so-
lution is seen to be in good agreement with these theories for values of 



















Grad Moment Method (8 Term, 25 Moment Approximation), Reference 7 
Wang Chang and Uhlenbeck (ll Term Approximation), Reference 4 
Pekeris, et al., (26 Term Approximation), Reference 6 
Kahn and Mintzer (6 Term Approximation), Reference 7 
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O Experimental Data, Reference 15 
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Figure 4. Comparison of Discrete Ordinate n = 8 Solution for the Dispersion Coefficient 
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°°/483 X ^ ^ v L 8 \ 





Kahn and Mintzer , Reference 7 






- / / / 
'/ ' // 
Y / // 
y // // // 
/y 
X y \ 
v \ \ 
\ ^ CT Model, n = 8 
\ BGK Model, n = 8 
x>X 
X^\ 
Refers to Number of Terms in Polynomial 
Expansion 
0.01 i • » i i i , l i i i i i i i • 1 i i i • \ i \ i i i I 
0.1 
Figure 5 
1.0 10.0 100.0 
r = p / i iu 
• o 
Comparison of the Discrete Ordinate n 
With Polynomial Expansion Theories. 
= 8 Solution for the Absorption Coefficient CJ 
— Holway, Reference 13 
Sirovich and Thurber, Reference 
Mason, Reference 12 
—-Buckner and Ferziger, Ref. 10 
Present Theory, n = 8 
Experimental Data, Reference 15 
1.0 U 
0.1 
0.1 1.0 10.0 100.0 
Figure 
r - po/iiU 









° ~ o o o ^ ^ : 
Experimental Data, Reference 15 
Holway, Reference 13 
Sirovich and Thurber, Reference 9 
Mason, Reference 12 
Buckner and Ferziger, Reference 10 
Present Theory, n = 8 
o _°P_ 
0.1 10.0 
r = p /\iu ro n 
100.0 
Figure 7. Comparison of Discrete Ordinate n = 8 Solution for the Absorption Coefficient 
With Transformation Theories. 
37 
Theoretical Formulation (Highly Rarefied Solution) 
BGK Model 
Discussion of the Model Equation. In this section, a solution 
valid in a highly rarefied gas is obtained by numerically solving the BGK 
model with appropriate boundary conditions. By using this method of so-
lution, one may calculate the perturbation pressure field. An analysis 
of this field will then yield the absorption and dispersion of the wave, 
The governing equation is the linearized BGK model [11] 
2 
% f + °cx f£ + * =-" V 2 J e_Cl *<*> V t ) A l (41) 
2 
+ 2c -rr~3'2 f e X c $(x,c,,t)d3c1 
X J X. ' 1' 1 
_c2 
+ f(c2 - f >rf-3/2 J e"Cl(c2 - §)*(x, cL, t)d
3
Cl . 
Initially, $(x, c, 0) = 0, The boundary conditions at the piston are 
found by assuming that the molecules leaving the piston do so with a 
Maxwellian distribution characteristic of the motion of the piston (see 
Reference [7]). Linearizing this distribution function yields 
<D(x = 0, c, t) = 2c u sin ut , c > 0 (42) 
' ' X 0 X 
= 0 , cx < 0 (43) 
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where u is the maximum velocity of the piston nondimensionalized by 
l/p . Physically, Equations (42) and (43) state that only the molecules 
moving away from the piston are perturbed from a Maxwellian distribution. 
It is thus necessary to solve only for $(x, c > 0, t). 
Transformation of the Integral Equation. For reasons discussed 
earlier, it is desirable to eliminate the (c , c ) integrations from the 
governing equation,, This may again be accomplished by introducing the 
functions T|> and t], except that now T|> and i\ are space and time dependent, 
i .e., 
4 (x, c , t) =7T"3/2 
2 2 
.+oo _ + oo -c -C 
d e e Y z <&(x, c, t) (44) dc 
— 3/2 
T](x, cx, t) -TT 
2 2 
+ 00 +00 -c —C 
d c y l 
-00 ' — 00 
dc e 
z 
y Z(c 2 (45) 
+ c )0(x, c, t) 
z 
Introducing Equations (44) and (45) into Equation (41) and performing suit-
able integrations yield 
-c 
+00 x 
^l*o8+cx°& + * -I e N ( x , c , t)dc (46) 
-c 
+ 00 X + 2c e c \j)(x, c , t)dc 
x J-oo xl xl xl 
4.1/2 L 
+ 3 ( c x - 2} 
+ 00 X 
2 3 




+ 00 X 
^k$ + c x e § £ H -J e 1+(^v
t»\ 
—oo 1 1 
(47) 
r 2c 
x " c 
+ oo x 
e c v ^ (
x > CY > t ) d c 
- o o X l X l X l 
I. 2( 2 X ^ 
+ 3 ( c x + 2 } 
+ 00 X. 
n ( x > CY > t ) x i 
2 3 
+ (c - "pH(x, c , t ) 
x l x l 
dc 
The transformed boundary conditions are 
t|>(x = 0, c , t) = 2(^) 1/2 u c sin ut , c > 0 
r ' X* O X ' X 
-1/2 
n(x = 0, c , t) = 2{TT) ' u c sin ut . c > 0 
1 ' x' ox ' x 
(48) 
Transformation of Infinite Interval to Finite Interval. Before 
approximating Ecpjations (46) and (47) by difference equations it is de-
sirable to transform the interval 0 _< x < 00 into the interval 0 < £ < 1 
This is readily accomplished by use of the transformation [40] 
K ~ tanh ex , (49) 
where e is a parameter that may be varied to alter the spacing of grid 
points in x-space0 Using this transformation, one may show that the de-
rivative with respect to x becomes 
40 
• i S £ ( i - r
2V^ ax bVi * *&[ (50) 
Discrete Ordinate Approximation. By approximating the integrals in 
Equations (46) and (47) by finite summations and formally performing the 
interval transformation, one obtains the coupled system of differential 
equations given below: 




H. 1 + 2 ^ c . + f ( c | - ^ ) ( c ^ - | ) j +i 
2n 
+ Z "iK-^i 
i=n+l 
- ^ S t + ^ f i - ^ S t + ^ - (52) 
2n 
Z Hi[ i + 2 c t c i + l ( c l + i ) ( c i - i'k 
i=n+l 
2n 
+ Z H i M + iN 
i=n+l 
where 
= n+1, 0 0 e , 2n, T
 = u t , e = 
16 
5rrr Oe and — ^ = uOp 
Note that the summation limits reflect the fact that the molecules 
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approaching the piston are not perturbed from a Maxwellian distribution 
for this highly rarefied case., 
The boundary conditions are: 
V* = °» %> S> = 2{v)~1/2 \% sin (53) 
-1/2 
%{* = °> cl> Z] = 2{n)~ V l s in * (54) 
Finite Difference Approximation. The lattice shown in Figure 8 is 
used in the finite difference approximation. Steps in time are AT apart, 
and the interval 0 < t, < 1 is subdivided into M equal intervals of length 
AS. The derivative in time is approximated by a backwards difference 
scheme, and the K-derivative by a central difference. Thus at the j 
station at time T the derivatives are approximated by 
and 
9fy T|)B(J,T) - fypy T " AT^ ) 
6T AT 
9TU _ r]o(j, T ) - r]a (j, T- A T ) 
5T AT 
(1 - K2)^ = (1 - S2(j)) 
2 T|J^(J+1,T)-^(J-1,T) 
2AS 














Figure 8. Grid for Highly Rarefied Solution. 
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By in t roduc ing Equations (57) and (58) in to Equations (51) and (52 ) , 
one ob t a in s 
Cj£»(l - 5 2 ( j ) ) 
2&i ^
+ 1 ( j - 1 ) + 
16 
birrAT 
+ 1 n+1 
% (J) (59) 
y « ( l - C 2 ( j ) ) fi+1 _ ^ 




^ i T 3 ( c t 1 + 2 c e c . + ^  
l w 2 
2 ) ( c i §>]*?< J> 
2n 
1 \ " 
i=n+l 
HJM n / . N VJ) 
and 
y * ( i - *-2(j)) fl 
2^ U (J - i ) + 
16 
5TrziTr 
+ 1 n+l / .x 
ni ( j ) 
(60) 
c j e ^ l - ? ( j ) ) 16 
2A£ \ ( j + l ) = ^ ^ U ( j > T"AT) 
2n 
/ , l 
i=n+l 
1 + 2 c t c i + f ( c | + ±)<c* - f } j 
rw . 
• i ( J ) 
2n 
i=n+l 
2 / 2 , 1 2/ id . 1.x n / . v 
.3 (c-t + 2 > J f >i ( j ) ' 
where 
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t - n+1, n+2, ..., 2n, j = 1, 2, ..., M-l and n+1 
denotes the (n + 1) approximation to the solution at time T« 
Equations (59) and (60) may be solved simultaneously to yield the 
functions ̂ n(j) and tu(j) f or -t = n+1, n+2, ..., 2n, j=l, 2, ..., M-l. 
From these two functions it is a simple matter to calculate the perturba-
tion pressure field resulting from the oscillating piston. An analysis 
of the pressure field will yield the phase velocity and absorption coeffi-
cient of the wave. The method by which the absorption and dispersion are 
calculated is discussed in the section on the computational procedure. 
Computational Procedure (Highly Rarefied Solution) 
The system of equations represented by Equations (59) and (60) is 
tridiagonal and may be readily solved to yield the (n + l) approximation 
to the solution at time T« Once the functions tK and rjn are known for a 
given time T, the perturbation pressure p' at station j may be found from 
2n 
H. [e 
i T i 
P' (T,J) = ) |c^.(T,j)| . (61) 
XX / , 1 
i=n+l 
It is the analysis of this pressure field which yields the absorption and 
dispersion coefficients. 
In a highly rarefied gas the absorption and dispersion coefficients 
are functions of position. The pertinent parameter is S, which in the 
present notation may be expressed as 
S = /?up x o (62) 
o 
For the experiments of Meyer and Sessler [is] , S = 12.15. Since 
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uOp = — ~~ , one may conclude that 
!=/fffrS > <«> 
where -t is the mean free path. 
x 
The term j is related to X, by the inverse of the interval trans-
formation [40] : 
l'7=n lnT^i (64) 
rr e 
Equations (63) and (64) thus specify the value of % at which the pressure 
field is to be analyzed. 
The absorption coefficient is determined from the theoretically 
calculated pressure field exactly as it is obtained from the experimental 
pressure field, by computing the logarithmic decrement of the pressure am-
plitude. The phase velocity may be found from the progression of the wave 
during the time T» A sample calculation for a particular point is given 
in the Appendix. 
Discussion of Results (Highly Rarefied Solution) 
In this section the results obtained in numerically solving the 
linearized Boltzmann equation with the BGK model are compared with other 
theories and with the experimental data of Meyer and Sessler [l5J. For 
these calculations the interval was divided into 150 equal segments; the 
2.7? * 
time step wasziT = TT%. For r of order 0.01, £ =1.0 was sufficient. For 
r of order 0.1, it was necessary to use £ = 0.5 (this essentially moves 
the grid points further from the piston in x-space, and is necessary 
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because of the decreased damping which occurs as r increases). The non-
_3 
dimensional velocity of the piston, u , was assumed to be 10 . All cal-
culations are for n = 5. 
The numerical scheme converged to a solution very rapidly for 
r = 0.01 (approximately 2 iterations were required). For larger values 
of r (r s* O.l), more iterations were necessary because the wave propa-
gated further from the piston. A few calculations were performed with 
200 grid points, and the solution obtained agreed with the M = 150 solu-
tion to within a few per cent. 
This solution technique is capable of predicting the transient 
development of the pressure field. Figures 9 through 11 show the develop-
ment of the pressure field for r = 0.01. In these figures the perturbation 
pressure, p° , is plotted versus £. Figure 9 is for the first oscillation 
of the piston (0 < T < 2rr) and reflects the fact that the piston initially 
moves forward. By the time T = 277, the expansion wave generated by the 
rearward motion of the piston is beginning to influence the pressure field. 
The pressure field for 4 ^ < T < 617 is shown in Figure 10. The pressure 
field is approaching a steady state, however, the influence of the initial 
compression wave is still apparent. Figure 11 is for Qrr < T < lOrr. Note 
that the envelope of the pressure field is nearly symmetric. The steady 
state solution is thus obtained after approximately 5 oscillations of the 
piston. 
The solution presented in Figure 12 is for S = 12.15, which corre-
sponds to the experimental data obtained by Meyer and Sessler [l5] . The 
absorption predicted by the discrete ordinate solution is in very good 
_ 
The details of the calculation for the absorption and dispersion are 





Figure 9. Perturbation Pressure Field for r = 0.01, 























Figure 10. Perturbation Pressure Field for r = 0.01, 





























Figure 11. Perturbation Pressure Field for r = 0.01, 
8TT< T < lOir. 
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O Experiment, Reference 15 
Mason, Reference 12 
- Sirovich and Thurber, Reference 9 
Buckner and Ferziger, Reference 10 
Kahn and Mintzer, Reference 7 
Discrete Ordinate, n = 5 
---o ~°~ 
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01 
r = pQAuJ 
.1 
Figure 12. Comparison of Highly Rarefied Solution 
With Theory and Experiment. 
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agreement with the experimental data. The dispersion is predicted cor-
rectly at r = 0.01, but deviates from the experimental data and the other 
theories for r = 0.1. Solutions for larger values of r were not calcu-
lated because it became increasingly difficult to obtain convergence at 
a given time T« This is due to the fact that as r increases, the wave 
propagates further from the piston. 
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CHAPTER III 
FREE SOUND WAVE PROPAGATION IN A RAREFIED GAS 
Theoretical Formulation 
Two different physical situations arise when one is considering 
wave propagation in a neutral gas. The analysis of the preceding chapter 
considered forced wave propagation - the wave motion resulting from an 
oscillating pistonc In this chapter the propagation of an initial dis-
turbance (free sound propagation) will be investigated. An infinite 
volume of gas of mass m, temperature T and number density n is perturbed 
away from equilibrium at time t = 0. The perturbation is harmonic and is 
a function of x<, The problem is to determine the subsequent evolution 
of this initial disturbance. The analysis will again be based upon the 
model equations proposed by Bhatnagar, Gross and Krook [ll] and by 
Cercignani and Tironi [33]. 
BGK Model 
The governing equation is the linearized BGK model 
3$ + So _ i 
•o<3t x ̂ x o - $ 
— 3 /2 P "" 1 — 3 
+ rr~ ' \ e <D(x, C p t)d c1 (1) 
+ 2c rr 3'2 f e l c <S>(x, c,, t)d3c1 
X J X, ' 1' 1 
2 
, 2/ 2 3x -3/2 r Cl / 2 3 W - .x,3 1 
"!rC " T J e ^Cl " ^(xyCi'tW ci\ > 
which was discussed in detail in the previous chapter. 
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For forced sound propagation the problem was to determine the wave 
number of the distrubance for a given sound frequency and molecular colli-
sion frequency. Here, one must compute the frequency of the disturbance 
for a given initial wave number and molecular collision frequency. Ac-
cordingly, the perturbation $(x, c, t) is assumed to be of the form 
. / .\ /-\ -dt+iKx 
$(x, c, tj = cp(c)e (2) 
The absorption of the wave will be given by dR, and the phase velocity by 
6I 
— , where dR and dT a re the r e a l and imaginary p a r t s of d, r e s p e c t i v e l y . 
K i s the wave number of the i n i t i a l d i s tu rbance (K = 2 ^ / A , where A i s the 
wavelength) . 
By s u b s t i t u t i n g Equation (2) in to Equation ( l ) and t ransforming the 
r e s u l t a n t i n t e g r a l equat ion for cp(c), one ob ta ins 
^ • i ^ + ^ ^ 7 c x + 1 ^ = (3) 
. - c 
+ oo x 
, ~C 
Too x . 
[ e 1 T|J(C )dc + 2c P e l c t}>(c )dc 
-CO 1 I _OQ i l l 
x 2/ 2 
+ 3 ( c x "M 
+ oo x 
1 ( c x ) + ( c x 





. - c .+ » x, 
t{)(c )dc + 2c 
X l X l 
, - c 
+ oo x c tf>(c )dc 
x l x l x l 
( 4 ) 
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J. ~ c 
+ 00 x, r + l ( c
2 + h r e
 l r^(c ) + (c
2 -
3 x 2' J L ' x. x. 










u = Ka o o 
(7) 
By approximating the integrals in Equations (3) and (4) by finite 





= d l 111 I 1 J 
A - (8) 
where 
\ i . ( ! y ^ +^p)6 a ^ j 16 r H l 1 + 2 V i (9) 
, 2 , 2 l w 2 3xi 
+ 3 ( C ^ " 2 ) ( c i - 2>l > 
A t , i + 2 n 
X + 2 n , i 
5/"^ „ 
—rr - rH. 16 i 
2 , 2 lv 
^ r H „ 





£+2n,i+2n • « ^ %+ ff *Hi - *(£ rHi[f(c!+ i]} • (12) 
Equation (8) w i l l have a n o n t r i v i a l s o l u t i o n only i f d i s an eigen-
value of A. 
CT Model 
The a n a l y s i s of t h i s s ec t i on i s based upon the CT model of the 
Boltzmann equat ion (Equation (33) of the prev ious c h a p t e r ) . By s u b s t i -
t u t i n g Equation (2) i n t o the CT model and t ransforming the r e s u l t a n t 
equa t ion , one ob ta ins 







+ oo x. 
J e ' +(cx , K , + 2cx I e S/K.K, 
- 0 0 1 1 - c o 1 1 1 
. 2 , 2 "M 
2 
- c 
•f oo x ^ ' • ^ - f w v K . 
+ » CX 
2 
- c 
+ oo x - X c e c tl)(c )dc + -r e TI(C )dc 
l _ x j x . T x x ' x, 2 J 'N x ' x J 1 1 1 -oo i r 
- c 
+ oo x 
- C + oo x 
+ l(cx + 1)[J e l cx+ ( cxK , + f e ^K^s] 
J X L J ^ X ^ X-^ X^ J ^ X ^ X^J 
and 
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i—'f 8 ( \ + 2) ~ , ? 8(X + 2) /77T* 1 , x / x (14) 
- c 
> 0 0 X 
- C 
+ oo X 
e tf>(c )dc + 2c e c tl>(c )dc 
J T x . x . x J x . T x . x 1 1 1 1 1 
+ 00 Y 
. 2 , 2 . i« r x i 
+ 3 ( c x + I ) J e 
- 0 0 
(c ) + ( 2 3 • ^H(c )dc 2 T x , J x , 
2 
. - c 




+ 00 x . 
- X c e c tb(c )dc + e ti(c )dc 
I x J x , T x, x, J ' x, x, 
L -oo 1 1 1 -oo l l 
+ oo ~ C X 
- C + oo x 
f<cx + 2)[j e l\*\)d\+l e M'Od 
-oo 1 1 1 -oo . 1 
where 6 and r are defined by Equations (5) and ( 6 ) , r e s p e c t i v e l y . 
Applying the d i s c r e t e o r d i n a t e to Equations (13) and (14) y i e l d s a 
system of the form 
- / ' I = /*! 
A - = (j I - . 
Here, A has the elements 
ku C l ' 6 / 5 c ^ + 8(X + 2 ) H i ' 8(X + 2) H i 1 + 2c«c. (15) 
, 2/ 2 l w 2 3x 2 w 2 1 x 2 
+ 3 ( c t " 2 ) ( c i " 2 } - 3 X ( % - 2 ) c i J 
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A 5//7 r u [ 2 / 2 IN , , / % lvj 
At , i+2n " " 8(X + 2) H iL3 ( c t " 2 ) + X ( 3 " 65J 
(16) 
X+2n, ~ " 8(X + 2) " i l 1 + 2 c t C i + 3((t + 2 ) ( c i " ^) 2  
2 W 2 i> 2 
- - X ( c t - l ) c . 
(17) 
5/̂ r1 
Y+2n,i+2n " ( l J6/5 % + 8(x + 2) H i " 8( \ + 2) 
- i l * 
2 h . . ,1 2 lx 
c + g) + M 3 % ~ 3)] % 
(18) 
where 
= 1, 2, ..., 2n, i = 1, 2, .,0, 2n. 
As before, this system of algebraic equations has a nontrivial so-
lution only if 3 is an eigenvalue of A. Once the eigenvalues are computed, 
one may find the absorption and dispersion of the wave from the real and 
imaginary parts of cJ, respectively. 
Discussion of Results 
The eigenvalues of A for both the BGK and CT model were computed for 
n = 8 for 0.1 _< r < 100, A few calculations for n = 6 and 7 indicated 
that the range of convergence could be extended by increasing the value of 
n, however, as in the case of forced sound waves, the extension is slight 
(the point at which the n = 7 solution deviated from the n = 8 solution 
is indicated). All calculations for the CT model are for X = 1.0. 
The n = 8 discrete ordinate solutions are compared with the theories 
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presented in Reference [l6] in Figures 13 and 14. In these figures, the 
a dR 
dispersion coefficient, — , and the absorption coefficient, — , are 
a~ w« 
o o 
plotted versus r, the ratio of the collision frequency of the gas to a 
characteristic frequency of the wave. 
The dispersion coefficient predicted by the discrete ordinate solu-
tion is in very close agreement with the transformation theory for r > 0.3. 
The solution also agrees with the solution based on the Burnett equations 
for r > 2, and with the 13 moment solution for r > 4. 
There is some spread in the absorption predicted by the various 
theories* The discrete ordinate solution is in qualitative agreement with 
the 13 moment and Burnett theories. 
Since the absorption and dispersion predicted by the transformation 
theory for small values of r are obtained from the analytic continuation 
of the dispersion relation, it is felt that the transformation theory 
should be regarded as the standard against which other theories are com-
pared. On this basis it may be concluded that the discrete ordinate solu-
tion yields results superior to the Burnett and 13 moment theories. 
No experimental data could be found with which to compare the 
theories. 
13 Moment, Reference 16 
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Figure 14. Comparison of Discrete Ordinate n = 8 Solution for Free Sound Wave 





FORCED SOUND WAVE PROPAGATION IN A MIXTURE OF GASES 
Theoretical Formulation 
In this chapter the problem of forced sound wave propagation in a 
mixture of monatomic gases will be considered. The mixture is composed 
of molecules of mass m and m . In the equilibrium state the temperature 
is T , and the partial pressures and number densities of the two compon-
ents are given by (p , p ) and (n , n ), respectively. A small amplitude 
oscillation at an angular frequency, u, perturbs the gas from equilibrium. 
Discussion of the Model Equation 
The analysis of this chapter is based upon the model equations which 
were proposed by Hamel [34] . These equations are of the same form as those 
postulated by Gross and Jackson [41] , however, the determination of the 
collisional parameters is made on a more tenable basis. The model equation 
contains twenty-four collisional parameters. By requiring that the kine-
tic model provide for the conservation of the mass, momentum and energy of 
the total mixture, and separately the mass of each species, and satisfy 
the same symmetry property as the full collision integral, one obtains 
seventeen equations. The additional equations required are obtained by 
assuming the intermolecular force law is inverse fifth power, i.e., Max-
wellian. 
In the absence of body forces the governing equations may be written 
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B T T + c r— = B 
Ko dt x 3 x KoL 
n»X* + n 0 * - <X> + n' + 2c q 
x^x (1) 
/ 2 3\T« + (c - j)T + *Vo** 
1/2 . 
- 2c q + 2 p M c q* 
x^x * x^x m 
m 
+ 2ii(c2 - f ) (T* ' - T*) 
and 
•o a t + ( * } 
m 
* 3<D* = B, 
'x 3 x r o L o 
n A. + n X. - <X> + n (2) 
+ 2 c V + ( c * 2 - | ) T * ' l + mB n X * [- 2c*q xMx 2 J r o o |_ x 
* l / 2 
+ 2(—v c q + 2m (c - ^ ) ( T - T ) 
m xMx 2 ' 
The funct ions $ and 0 are p e r t u r b a t i o n s to abso lu te Maxwellian d i s t r i -
bu t ions for the m and m* molecules , r e s p e c t i v e l y , and are defined by 
f = P^Jl + *<*> c, t)] (3) 
and 
f* = p*3f* [l + $*(x, c*, t)] (4) 
•r It should be noted that Equation (16) of Reference [34] contains the in-
correct term / 
m B n X 2c q m + 2(—) m c q ro 0 L xoc * xMx 
m 
















Po - <2M? > (6) 
, - nrr-3^2 (7) 
0 0 
and 
f* = „V-3/V c" 2 . (8) 
0 0 
f and f are the distribution functions of the m and m molecules, respec-
tively., The velocities c and c* are the microscopic velocities of the m 
and m molecules nondimensionalized by l/p and l/p , respectively. Per-
turbations to equilibrium values of the number density, macroscopic velocity 




n' =77-"3/2 J e l 0(x, ~cv t)d
3
C;L , (9) 
r*2 
n», = ^-3/2 p A 1 „*,„ -* + u3jt J e X **(x,c*, t)dJc* , (10) 
2 
-c 
qx = ^ ^ J e X Cx *(x> Cl> t)c,3cl ' ( U ) 
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-c*2 
<' - ^ " 3 / 2 J e " 1 <«»(x, cj, t)d3c», (12) 
2 -c 
T' - \n-Z/2 \ e" : (c2 - |)*(x, cx, t)d
3
C l (13) 
and 
*2 
-c. T*« 2 -3/2 p 1 / *2 3 u * / -* . x ,3 * /. .x 
= "37r J e ^Cl ~ 2^ ^X> cl» ' Cl ° ' 14' 
respectively, where the shorthand notation 
4-oo +00 +00 
[ d c, = dc dc dc 
J l J-« Xl J-cx> Yl « L ZL 
is usedc 
The parametersX ,X and A are related to the force constants for m-nij 
m - m and m - m collisions, respectively. A further discussion of these 
parameters is deferred until later. 
The terms m and in* are normalized reduced masses and are defined by 
m = J (15) 
m + m* 
and 
* 
m = c (16) 
m + m 
Normal Mode Assumption 
A space and time dependence for $ and $ appropriate for forced wave 
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motion is now introduced. It is assumed that 
* f J.\ f\ i(ut-Kx) 
$(x, c, t) - <p(c)e 
(17) 
and 
fl> [xf c , t; - <p vc ;e , (18) 
where the functions (p and <p* depend only on the molecular velocities of 
the m and m* molecules, respectively, u is the angular frequency and 
i =7-1 . K is the complex wave number which is to be determined. 
By substituting Equations (17) and (18) into Equations (l) and (2), 
introducing Equations (9) through (14) and canceling the common exponential 
terras, one obtains 
iuB - iKc + B n*X* + nX 
rO X r0 0 0 
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- rr 
- 3 / 2 
* 2 
p C l / #2 3\ * / - *x_,3 #|1 J e (cx - - ) 9 (C l )d cJJ 
Transformation of the Integral Equations 
As mentioned in previous chapters, it is possible to eliminate the 
velocity integrations perpendicular to the direction of propagation of the 
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wave, and thereby reduce the magnitude of the system which results when 
the discrete ordinate approximation is used. The transformation used here 
is similar to that used earlier except that now one must introduce the 
four functions 
_ / 0 + o o „ + ° ° -C -C 
* ( c x ) = TT-
3'2 j d c y J dc z e * S ( c ) 
—00 J —OO 
(21) 
+ oo +oo - 2 - c 2 
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 z «*/'~* ^ 
<p U J 
(22) 
(23) 
- oo ' -oo 
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*2 *2 
+ oo +oo - c - C 
i ^ l - ^ 2 d<J dV 
- oo 7 - oo 
- " 3 / 2 I Z(c*2+c*V(c*) (24) 
By i n t e g r a t i n g Equation (19) over (c , c ) with r e s p e c t to the two 
2 2 2 2 
- C - C 9 9 ~ C ~ C 
weighting functions e y * and (c + c )e " one obtains 
iup - iKc + B n*X + nX t|)(c ) = 
r o x r o l o o /1 Y x 
(25) 
B n X + nX r o o . o 
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+ oo ~ C x . 
n(c ) + (<£ 
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x i • 
dc 
T J 
To transform Equation (20) , i n t e g r a t e over (c* , c ) with r e s p e c t to 
*2 *2 #2 *2 
- c - c 9 2 ~ c ~*c 
the two weighting funct ions e Y and (c* + c )e y . Perform-
ing these integrations yields 
/7F[iuPo - k ( V
/ 2 < + P j n / • n*r ) ]^ (c») -
m 
*2 - c * 
+ oo X 
Po(n/+n^*l[J 6 V(c!)dc: + 2 c * J x 1 xx x . 
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'x 2 >(J 
+ 00 X. 
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*L 1 ^ X l J 
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- J 
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• K 2 4 ) J • 1 (c ) + (c - TT)I|> (C ) x, 2 dc 1 J 1 
#2 
- c 
+ oo X. + fipon/[-2c"J e
 1 c»/(c»)dc* 
- O O 1 1 1 
2 
+ 2(^)1 / 2 c* r°° e X l c * ( c )dc m x J x .Y x . 3 
' 1 1 1 
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,+ oo X • ! -X 2 + ±>(J e l ["V + (exr^(exi 
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e ^ • < v - K < < > dc' 
Forced Sound Wave Parameters for a Mixture 
# ## 
As mentioned earlier, the parameters^,% and/, are related to 
the force constants for m - m, m - m and m* - m* collisions. The exact 
relations are [34] 
!/2 
A = 2.906(pn) , 
** # 1/2 





- * * l / 2 
X = 2.66(C m0) , (31) 
* ** * 
where m = m + m . The terms C> C and C are defined by o 






F* = " ^ , (34) 
R5 
*# * • to 
where F, F and F are the forces at a distance R for m - m, m - m 
* and m - m collisions, respectively. The self-collision constants, C 
** r i 
and C , are readily obtained from the relations [44J 
i 9 1 / 2 k T n 
*•&& yfy <»> 
and 
# x 2 1/2 kTQ 
* = 3^ ( / ^ } A^T ' (36) 
•ft % 
where [L and p. are the viscosities of the m and m gases, respectively, 
and A2(5) is a pure number (A (5) = 0.436). k is Boltzmann's constant, 
and T is the equilibrium temperature. 
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In principle, it is possible to calculate the force constant for 
unlike molecules from the viscosity of the mixture. However, this calcu-
lation requires extremely accurate data for both pure components and 
their mixtures. For this reason, it is customary to make use of empiri-
cal "combining laws" which relate the force constant between unlike mole-
cules to those between like molecules (see, e.g., Reference [45], page 
567, or Reference [46], page 1071). If both pure components are assumed 
to have the same force law (Maxwellian, here), the constant C is given 
by 
1/2 
C = (CC ) . (37) 
By us ing Equations (29) , ( 30 ) , (35) , and (36) , one may show 
n% = ^ (38) 
0 \l 
and 
* * P 
rty - ^ , (39) 
V-
where p and p are the partial pressures of the m and m molecules, re-
spectively. It is now possible to introduce parameters rM and rjt which 
are defined by 





r M = ~ • (41) 
[i CJ 
Note the similarity between these parameters and the previously used 
parameter r= In terms of rM and rM, n X and n X may be written 
n 1 = urM (42) 
O M 
n*# ' = ur* (43) 
O M 







%*= u pM ( jr } ( 4 4 ) 
"o^ = urM^J*»' ' ^45) 
x* 2.66 . . t . ' A . ' / y yg , ^ 
/ L m r 
X * o * 1/2 * l A „* l / 2 
_^ 2°66 /m + m x ' /m_\ ' ,J£_\ ' (iBJLJlL.) (ffi-) (X . ) . ( 4 7 ) 
m •£** 2.906
v _.# ' xm 
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Equations (46) and (47) are readily obtained from Equations (29), (30), 
(31), (35), (36) and (37). 
In a given physical situation, the percentage of each component 
is given. One way to do this is by specifying the number density fractions 
of the components, a and a , which are defined by 
(48) 




a* = — ^ 2 - • (49) 
n + n 
o o 
# 
Clearly a + a = 1, so that one need only consider a. 
By using Equations (48) and (49), it is easily shown that the param-
eters r.. and rM are related as follows: 
r* = ±^=-*- £- r a (50) 
P-
It is thus possible to express the four collision parameters n X, 
r\X , n % and n % in terms of the two parameters rw and a and the masses o ' o o M 
and viscosities of the two gases. 
•s 
A nondimensional wave number, KM, is defined by 
KA 






am + a m 
(52) 
Note t h a t A i s the a d i a b a t i c speed of sound for a mixture in the con-
tinuum l imi t s 
D i s c r e t e Ordinate So lu t ion 
Equations (25) through (28) a re now solved by the method of d i s -
c r e t e o r d i n a t e s (see Chapter I I for a d i s c u s s i o n of the method). By 
applying the d i s c r e t e o r d i n a t e method and in t roduc ing Equations (44) , (45) 
and (51 ) , one ob ta ins the four equat ions? 
5m 
6 (am + a*m*) 
1/2 l 
1 





* * 6(am + a m )-
l / 2 2n 
1 
rr c0 . 'I i=l 
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ZmX^ W i • 3 m m X ^ rM 
t 2 l\( 2 { c l ' 2 ) ( c i " VUA + i 2 ' Y i 
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1/2 2n 
— F H 
T7 „_ L-, 1 
_6(am + a m )J JW cp 73*, 
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2m O F ) r* -rrr- CoC. 
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+ ± $*&J* H f 2 l w *2 3y 
+ 3 m m r M % ^ (%- 2 ) ( c { - 2}j •I 
+ i 5m 
-.1/2 
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5m 
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( ^ ) 
* m 
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Z Mi^T + 'lH2*^-
4 A*A X 
3 m mrM %: 
i=l 
(€4' .* -^i = fyll 
All terms introduced by the discrete ordinate approximation were 
discussed in Chapter II, and therefore they are not discussed again here. 
As was the case in Chapter II, the system of equations represented 
by Equations (53), (54), (55) and (56) will have a nontrivial solution 
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only i f IC. i s an e igenvalue of the matr ix A, where A has the elements 
X 
5m 
* * 6(am + a m )-
1 - X* 1/2 i " X%** rM " i rM 
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hU (57) 
+ i 5m 
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X+4n,i = i 
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and n is the number of positive discrete velocity points. 
Computational Procedure 
s 
In order to calculate the matrix A it is necessary to specify the 
constituents of the gas mixture (m and m*), their number density ratios 
(a and a*), their viscositiies {\i and n*), the parameter rM and the 
number of positive discrete velocity points, n. Once these specifica-
tions have been made, a straightforward variation of h and i in Equations 
(57) through (72) yields all of the elements of A, 
Discussion of Results 
The absorption and dispersion coefficients were calculated for 
Argon-Helium, Neon-Helium and Argon-Neon mixtures. Mixture ratios of 
0.25, 0.50 and 0.75 were considered (in all cases, a denotes the number 
density fraction of the lighter element). The parameter rw was varied 
from 1000.0 to 1.0. All calculations are for n - 4. 
Figures 15 and 16 show the results obtained for an Argon-Helium 
mixture. In these figures the dispersion coefficient, A /a, and the 
absorption coefficient, -K A /u, are plotted versus rM. The experimental 
data are those of Holmes and Tempest [19] . As may be seen, the discrete 
ordinate solution is in excellent agreement with the experimental data. 
Similar remarks hold for the Neon-Helium results, which are pre-
sented in Figures 17 and 18. 
The viscosities were obtained from Reference [45] and are, of course, 
temperature dependent. However, Equations (57) through (72) depend on 
the ratio of the two viscosities, and this ratio is nearly independent of 
temperature in the temperature range 0°C < T < 150°C. Thus, although the 
calculations were based on the viscosity at T = 25°C (the temperature at 
which the experiment was conducted), the results are applicable over a 
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Figure 15. Comparison of the Discrete Ordinate Solution for the Dispersion 
Coefficient in an Argon-Helium Mixture with Experiment. 
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ARGON HELIUM 
1.0 10.0 100.0 1000.0 
rM = P o ^ u 
Figure 16. Comparison of Discrete Ordinate Solution for the 
























- Present Theory, n = 4 
0.25 Denotes 25% Helium 
= 0.25 
= 0.75 
1.0 10.0 100.0 1000.0 
•M 
= P0^u 
Figure 17. Comparison of Discrete Ordinate Solution for the Dispersion Coefficient 
in a Neon-Helium Mixture With Experiment. 
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NEON HELIUM 
Experimental Data, Ref. 19 
Present Theory, n = 4 
a = 0.25 Denotes 25% Helium 
1.0 10.0 100.0 1000.0 
rM = P 0^
w 
Figure 18. Comparison of Discrete Ordinate Solution for the 
Absorption Coefficient in a Neon-Helium Mixture 
With Experiment, 
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The calculations for Argon-Neon are shown in Figures 19 and 20. 
Since this mixture was not considered by Holmes and Tempest, no compari-
son with experiment could be made. 
It is interesting to make a general comparison of these results 
with those for a single component gas» The dependence of the absorption 
coefficient on the ratio of collision frequency to sound frequency is 
very similar for both caseso The absorption coefficient goes to zero 
in the continuum regime and reaches a maximum for rM of order 1. 
In contrast to the results obtained for a single component gas, 
the dispersion coefficient for a mixture possesses a minimum for rM 
approximately 20 As may be seen from Figures 15, 17 and 19, the minimum 
depends upon a and the mass ratio of the two elements^ For Argon-Helium 
(m*/m = 10) the minimums are approximately 0.65, 0.95 and 1.0 for 
a = 0.75, 0.5 and 0.25, respectively (a refers to the number density ratio 
of the lighter element)° A similar trend is evident for Neon-Helium 
(m*/m = 5) and Argon-Helium (m*/m = 2)o Note also that the minimum is 
most pronounced when the mass ratio is large. Due to the lack of experi-
mental data and theory in this regime, the validity of this result cannot 
be verified,, 
For r.. of order 1, it was found that some of the modes have an in-
creasing amplitudeo As noted by Greenspan [2l] , modes of this type occur 
for sound propagation in a simple gas if the theory is based upon the 
super-Burnett equations„ No calculations were performed after these modes 
appeared. 
In conclusion, it may be stated that the discrete ordinate method 
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a = 0.25 Denotes 25% Neon 
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Figure 20. 
10.0 100.0 1000.0 
M = P0//^ 
Discrete Ordinate Solution for the Absorption 
Coefficient in an Argon-Neon Mixture. 
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data* The solution predicts the correct dependence of the absorption 
and dispersion coefficients on the mixture ratio, and it has the correct 
"classical" limits in the continuum regime. 
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CHAPTER V 
FREE SOUND WAVE PROPAGATION IN A MIXTURE OF GASES 
Theoretical Formulation 
In this chapter the propagation of an initial disturbance in an 
unbounded gas mixture is considered* The equilibrium state of the mix-
ture is defined by the temperature T , the number densities n and n* 
' r O7 0 0 
and the partial pressures p and p . Again the molecular masses of the 
components are denoted by m and m <. At time t = 0, the gas is perturbed 
harmonically in the x-direction= 
Discussion of the Model Equations 
The analysis is again based upon the model equations proposed by 
Hamel [34]. In the last chapter it was shown that these equations could 
be written 
P |? +c > * - £ ( « ) (1) 
ro a t x ax 
and 
>_* l / 2 . _ * 
i * f ? + ( - > < T 7 «*<•">, (2) 
r 0 Q t * X d X 
m 
where«£($) andJi!,(<i>*) denote the right hand sides of Equations (l) and (2) 
of Chapter IV, respectively. 
Normal Mode Assumption 
For this problem of free sound propagation in a mixture of two 
gases, it is assumed that the perturbations G> and $* have a space and 
time dependence of the form 
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./ — , \ /— \ —dt+iKx 
$(x,c,tj » cp(c;e (3) 
and 
**(x,c*,t) = q> (c )e 
*/-*\ -dt+iKx (4) 
In this case, K is the wave number of the initial disturbance, and d is 
the complex frequencyo The problem is to calculate d for a given initial 
wave number^ K, and partial pressures, p and p « 
By substituting Equations (3) and (4) into Equations (l) and (2), 
introducing Equations (9) through (14) of the previous chapter, and can-
celing the comming exponential term, one obtains the two coupled integral 
equations for the velocity dependent perturbations, qp and cp*, given below: 
, + iKc + B 
0 X r 0 
rfa , 1 1 W V 
> 7 ** 
q>(c) = <£(q>) (5) 
and 
/ * 
-«>„ • 1 < V 2Kc* + pj^(f-) +^])/(c") -*<9«), (6) 
where <£,(<p) and«£(cp*) are defined by the right hand sides of Equations (19) 
and (20) of Chapter IV. 
Transformation of the Integral Equations 
To facilitate the solution of Equations (5) and (6) by the method 
of discrete ordinates, the (c , c ) and (c* and c ) integrations are again 
eliminated by the use of the functions \j), r\, TJ) and r\ which were defined 
in the previous chapter (Equations (21), (22), (23) and (24))„ By following 
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the procedure ou t l i ned in Chapter IV, one ob ta ins 
- dB + iKc + B 
r O X r0 
v ^ + -
L * 7 * * ; p. J / 
•fOfe) + ^ I^O -^+) (7) 
7T \-6$n + iKc + B 
r O X r 0 
P" Y * Pn-i\ 
* - v w w |X J/ X 
1/2 rpo,X* P-y?>- _ ap + i(JL) K c » + p _ A ( i . ) + _ a +»(C») . i ( 4 » ) (9) 









/ F -dB + !(-*-) Kc* + B - ^ r ) + - J U * ( c * ) = £ ( , * ) (10) L p. VX 
where «£(t()), £ ( f ] ) , <£(tj) ) and c£(^ ) are defined by the r i g h t hand s ides of 
Equations (25) , (26) , (27) and (28) of Chapter IV, r e s p e c t i v e l y . 
Free Sound Parameters for a Mixture 
For the purpose of de f in ing the free sound parameters r u and rM, 
-ii /o M M 
5/3 kTQ
 i / z 
a frequency uw = KA , where A = * * .am + a m 
, must be introduced. 
In terms of u., , rw and rw are written Mo' M M 
r.. = M p.cj (11) 
Mo 




One may show 
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* 1 - a ̂  
rM " a * rM > 
(13) 
so that once a is specified, only the parameter rM need be varied. 
The only other term to be introduced is a nondimensional fre-
quency, cL, which is defined by 
% % (14) 
Mo 
Discrete Ordinate Solution 
By approximating the integrals in Equations (7), (8), (9) and 
(10) by an appropriate quadrature and introducing Equations (ll), (12) 
and (14), one obtains a system of equations of the form 
* 






This system of equations will have a nontrivial solution only if dw 
is an eigenvalue of the matrix A, where A has the elements 
Yi 




X T JM X%** rM ( 
bU (15) 
r„ JTZZ + ru J _k_ H fr 
JTF "i|u"MX** " XM 
. 2 / 2 lw 2 3x1 
+ 3 ( c t " 2)(ci " 2}J" ^ 





4 A*A X */ 2 1 u 2 3v - m m ^ r r M U ^ - "JAC. - 7:) 
- 1 „ I 2/ * % w 2 IN 4 
^ , i + 2 n 3 / F "il 3 ( r M # * * + ^ M
) ( c t " 2 } - " m m r 
 A*A « X 
3  r M - ^ T (16) 
f 2 1\ (c» - - ) 
A t , i + 4 n JfF i 
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yF H i [ 3 ( r S ^ + Iii)(c.l + 2) 
4 A*A * X / 2 1 v 
- 3 m m r M ^ i i r ( c t + 2 } 
A _ ~~ - u l o A * / m \ J " / * " # X 
A» _ . . . = 7=7 H. I 2m [zw) r t l T T T c0 c, X+2n,i+4n Jf^ i
1 2 
(21) 
4 **~ * % / 2 . 1w »2 3i 
+ i m m r M ^ ( c ^ + 2 ) ( c i ~ l \ 
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A - 1 „ 4 A*A * % , 2 , IN 
A£+2n,i+6n " ]W H i 3 m m r M£** ( c J , + 2 ) 
(22) 
"t+4n,i = "yTT1 H. 
* 1/2 xT ~* /in \ ' A , # 
2m r—•; rM v~ c«c. 
.* 
+ 4 *** 2Lr *2 i u 2 3N 
+ 3 m m r M r ( C t " 2 ) ( c i " 2} 
(23) 
A ~1 ,, 4 /S*A A- / # 2 1\ 
A - l+4n, i+2n " ^ f H i 3 m m r M %K% ' 2] 
£+4n,i+4n 
6 (am + a*m*) 
5m 
l l / 2 1/2 
(24) 
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fi + 0 * * + 2/ *2 I w »2 3v 
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~5^ V> % 
+ J rM + rM Kti ' JW "i 3UM J" V 
. / *2 , 1 \ 4 ̂ # A X / *2 , 1\ 
(ct + 2} " 3 m m r M ^ ( c t + 2] 
(30) 
whereat = 1, 2, ..., 2n, i = 1, 2, ..., 2n and n is the number of posi-
tive discrete points used in the quadrature approximation. 
The problem is thus reduced to finding the eigenvalues of A for 
given values of rM and a for a particular gas mixture. See Chapter IV 
for a discussion of the computational procedure. 
Discussion of Results 
Solutions were obtained for Argon-Helium and Argon-Neon mixtures 
with number density ratios of 0.25, 0.50 and 0.75 (a again refers to the 
lighter element). The parameter rM was varied from 1.0 to 100.0. All 
calculations are for n = 4. 
The solution for an Argon-Helium mixture is presented in Figures 
21 and 22. As may be seen from Figure 21, the solution for the absorp-
6 
tion coefficient, R 
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Figure 21. Absorption Coefficient for Free Sound 
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Figure 22. Dispersion Coefficient for Free Sound Propagation 
in an Argon-Helium Mixture. 
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absorption coefficient. The solution exhibits the same dependence on 
the number density ratio, a, and has the same classical limits for large 
values of ru. Similar remarks apply to the solution for the dispersion 
coefficient, which is presented in Figure 22. 
The solution for an Argon-Neon mixture is presented in Figures 
23 and 24. The absorption and dispersion coefficients for this mixture 
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Figure 23. Dispersion Coefficient for Free Sound Propagation 
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Figure 24. Absorption Coefficient for Free Sound 





The purpose of this chapter is to demonstrate that oscillations 
in a system of charged particles may be treated by the discrete ordi-
nate method. The physical problem is similar to free sound propagation, 
except that now the particles have an electric charge. At time t = 0 
an infinite plasma consisting of electrons which move in a continuous 
positive background (a one-component plasma) is perturbed harmonically 
in the x-direction. The evolution of this initial perturbation in the 
absence of external electric and magnetic fields is the subject of this 
chapter. The analysis will be based upon the BGK and CT model equations. 
BGK Model 
Discussion of the Governing Equation. In this section the govern-
ing equation is the BGK model of the Boltzmann equation. This equation 
was discussed in detail in Chapter II, and thus only the modifications 
necessary for it to apply to a plasma are mentioned here. The most ob-
2 eE 
vious modification is the introduction of the term 26 — c , which ac-
^ o m x' 
counts for the long-range coulombic interaction between the electrons. 
^f 
This term results from linearizing the body force term, a • ĵ r , which 
occurs in the Boltzmann equation* The linearization is straightforward 
and is not presented here. The second modification is the replacement 
of the term Q byB v, where v is a collision frequency (v is denoted by 
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X in Reference [ll] ). Recall that for a gas composed of neutral particles 
it was possible to relate 0 to the mean free path, -L. In the present case 
the collision frequency could be related to properties of the plasma (see, 
e.g., Reference [47] )* However, this is not necessary for the purpose of 
this chapter. With these modifications, the BGK model becomes [ll] 
2 
B^<l> 3 0 L O O 2 eE D r ^ - 3 / 2 r ~
C 1 A / - . x , 3 , . v 
P ° J T + c x J 7 + 2 P 0 T
c x =^ov - ° + 7 r J e *<*>V t ) d Cl ( 1 ) 
+ 2c 7T~3'2 x 
2 to - c 
e c $ ( x , c , t ) d cn x. ' ' 1 
2 
- c . 
+ | ( c 2 - f ) 7 T 3 / 2 J e " Hcl - | ) 0 ( x , c 1 , t ) d
3 c 1 
The electron charge is denoted by e, and E i s the e l ec t r i c f ield which 
resu l t s from variat ions in the electron number density. All other terms 
in Equation ( l ) have been defined previously. 
For th i s simple, one-component plasma, the e l ec t r i c f ie ld , E, i s 
found from the Poisson equation [ l l j 
2 
| I = _47T nQS ff
3/2 J e" C l O(x,c 1 , t )d
3 c 1 . (2) 
It is thus necessary to solve Equations (l) and (2) simultaneously, 
Normal Mode Assumption. For this initial value problem, it is 
again appropriate to assume that the perturbation, $, has a space and 





Recall that <p depends only on the molecular velocity, c, K is the wave 
number of the initial disturbance and d is the complex frequency, which 
is to be determined.. Note that in this case l/oV is the time required 
for the disturbance to decrease to l/e of its initial value. The phase 
velocity of the disturbance is, of course, given by dT/K. 
From Equations (2) and (3), one may easily show that the electric 
field, Es is given by 
^ 2 
4en I ..,*,, _ -c -dt+iKx 1 • /- x ,3 E a Y/o e e <p(c,)dc. . (4) 
(tr)1/2K J l 1 
By substituting Equations (3) and (4) into Equation (l) and canceling the 
common exponential term, one obtains the governing equation for the velo-
city dependent perturbation, <p(c), written below: 
9 9 9 
„ 2B c 41TS n _ / o . - c f 0 
- d P o 9 ( c ) + iKcxq>(c) + i — P ( ^)TT"
3/2J e M ^ ) * c l (5) 
- c 2 - c 2 
= Pov[-«p(c) + 7 T
3 / 2 J e C l 9 ( c 1 ) d
3 c 1 + 2c x 77- -
3 / 2 J e ^ 
2 
• (Vd3^] . 
This equation differs from the free sound governing equation only in the 
third term on the left side* 
Transformation of the Integral Equation. The velocity integrations 
perpendicular to the direction of propagation are eliminated by use of the 
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t ransformat ion descr ibed in Chapter I I . The r e s u l t s of t h i s transforma-
t i o n are 
Jrr -dB + iKc + B v r o x ro * ( c x ) (6) 
= P«v 0 L 
n~ 2 J _ ^ 2 • — C 
2B c 4 i r e n + » x, 
( 1 - i ^ 2 J < ( o } ) e l + ( c ) d c 
KB v -co 1 1 
- c 
,+ oo x 
+ 2c e c tj)(c )dc 
X J X . X« 1 " 1 " 1 
, - C 
L 2 / 2 i x r
 x i r / N. x^ 2 3^ 
+ 3 ( cx " 3 ' J e h ^ x ' + ( C X 1
 = 2> 






dB + iKc + B v r o x r o (c ) 
(7) 
- B v r 0 
2B2c 47Te2n + « C X l 
d - ^ ' - ^ ' J * Vc )dc 
*o -°° 1 1 
- c 
+ 00 X 
+ 2c e c T|)(C )dc 
x J x / x. 
4. 2( 2 J ^ 
+ 3 ( c x + 2 } 
, - c 
+ 00 X 
1 1 
2 
1 r / x . / 2 3x 
. ^ x ^ + ( c x " 2 } 
• (cx ) dc 
x J 1 A l 
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where 
_ -3/2 *(c x )=7r-
3 / 2 ] 




dc e y 9(c) , 
(8) 
—OO ' —OO 
n(c ) =/f 3 / 2 
+ 0 0 
rt r+0° dc 




y"cz / 2 (c + cz)cp(c) (9) 
Plasma Oscillation Parameters. It is again possible to introduce 
convenient nondimensional parameters. The expression (4Tfe n /m) is the 
square of the plasma frequency, u , i.e., 
P 
ATT e n 1/2 
u, = ( °~) 
p m 
(10) 







V = — 
U) 
(12) 








This choice was made in order to compare the discrete ordinate solution 
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with that of Reference [ll] . Note that (kT /m)1'2/u is simply the 
Debye length. 
Discrete Ordinate Solution. By approximating the integrals in 
Equations (6) and (7) by finite summations, introducing Equations (ll), 
(12) and (13), and rearranging, one obtains 
2n 
a^%% + ^\+jw- E Hi(5 
i=l 
JTC •I (14) 
- V l+2y. +f(c|-i)(c2-|m. 
and 
'fpZ " i f ^ l - ^ l i 3 ^ 
J' i = l 
2n 





- V l + 2cri+|(c|4)(c
2-f)j + , (15) 
+ Cif^cjfX + v ) ? l t -
2n 
) H. — v 
L-J i 3 TT f 
i=l 
f 2 J ^ ( c t + 2 } *i = Vt 
Equations (14) and (15) are slightly different from any encountered 
previously in that there are two free parameters to be specified, K and 
v« K is the nondimensional wave number of the initial disturbance, and 
P 
11.0 
d is a nondimensional col l i s ion frequency. The problem is to calculate 
d for given values of K and v. As in previous chapters, 9 i s found 
P P P 
by calculating the eigenvalues of the matrix A, where in th i s case A has 
the elements 
A I 1 * I l * J } 
Ap, = ( i / 2 cpK^ + v)&|4 + 7 = T H4 i - ^ (16) Xi -£ ^
 T 7
^1 Jrr 
- v[l + 2ctci+|(c|-^)(c^|) 
At,i+2n = - / " ^ H i f ^ ( C ! " 2} (17) 
I J* 
^+2n , i "/Tf1 i 
:t 
L1 + 2 c t c (18) 
, 2/ 2 , l w 2 3N 
+ 3 ( c t + 2 ) ( c i " 2 } 
^j .o --LO = ( i / 2 CpK + v)&«. - 7=r H. £+2n,i+2n y I p l i /7T I 
(19) 
•2 */ 2 , 1> 
' S ^ - l ^ ' 
where -t = 1 , 2, ..., 2n, i = 1, 2, ..., 2n, and n is the number of 
positive discrete velocity points. 
A discussion of the results for the BGK model is deferred until 
after the formulation for the CT model. 
CT Model 
Discussion of the Governing Equation. As was the case for the 
BGK model, the CT equation must be modified to account for the coulombic 
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interaction between electrons.. With this modification, the CT model be-
comes 
2><D a<& L 2 eE B T T + c — + 2B — c r o o»t x 2>x ^ o m x 
(20) 
= P o X + 2 
- <D + 7T 3 / 2 J e X 0 ( x , c 1 , t ) d
3 c 1 
+ 2 c x / r "
3 / 2 J e X cx 0 ( x , c 1 , t ) d
3 c 1 
2 
L 2/ 2 3 x _ - 3 / 2 p %
 2 3 W - i N j 3 + "j(c - g ^ J e ic1 - -)®{x,c1,t)d cx 
- X 
2 - 3 / 2 f ~C1 . / - . x , 3 
x7T J e c * ( x , c l f t ) d cx 
+ ^(c 2 + c 2 ) r T 3 / 2 r e "
C l ( c 2 + c2 )o (x , C l , t )d
3
C l 
z y z j y.. z , i i 1 1 
+ | [ c
2 ( T r - ^ 2 J e " 1 * ( x , c 1 , t ) d
3 c 1 + | 
- - - c 2 
• ^ J e ^ C c J - f W x . c ^ t ) ^ ) ] , 
where E i s given by Equation ( 2 ) . 
Normal Mode Formulat ion. The formulat ion from t h i s po in t i s ident i -
cal to the formulat ion for the BGK model. By s u b s t i t u t i n g Equations (3) 
and (4) i n to Equation (20 ) , one ob ta ins an equat ion for q>(c). This equa-
t i o n may be transformed as before to y i e l d a coupled p a i r of equat ions 
for i|> and r\. If the i n t e g r a l s in t h i s p a i r of equat ions a re approximated 
1 
by finite summations, one obtains a system of equations of the form 
$ 
* / 
• V I , . • 
where A has the elements 
A,. lt&%%+T$2*U*i]£f*i (21) 
2v 
JfC (\ + 2) X 
HJ 1 + 2c^c1 
2 / 2 l u 2 3N 2 w 2 
5 (ci " i ) ( c i " I } " 3 X ( C ^ 
^ 2 
2 ) c i 
-2v H. i,i+2n 7 7 p ( x + 2 ) i 
2 / 2 lx L / 2 Is 
3 ( ^ - 2 ) + 3 X ( C 1 " 2 } (22) 
/Tc 
i H. - ^ * — H. t + 2 n , i /7P - 1 /7T (X + 2 ) 1 
P 
1 + 2c 0 c . 
H> 1 
(23) 
2, 2 , l w 2 3x 2 . / 2 . x 2 
+ 3(ct + 2 ) ( G i " 2 } " 3 X ( C 1 " l ) c i 
2v 
l+2n,i+2n = a J2 %\ + rUHi (24) 
2v H. 
frr (\ + 2) x 
| ( c | + I ) + i X ( c | - l ) 
-t = 1, 2, . . . , 2n, i = 1, 2, . . . , 2n. Once n and \ a re s p e c i f i e d , A 
may be c a l c u l a t e d from Equations (21 ) , ( 22 ) , ( 23 ) , and (24 ) . 
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Discussion of Results 
The eigenvalues of A for both the BGK and CT model equations were 
/s 
calculated for n = 4 to 8. The parameter K was varied from 0.1 to 0.5, 
and the nondimensional collision frequency, v, was varied from 0 to 5. 
All calculations for the CT model are for X = 1.0. 
The results of these calculations are shown in Figures 25 and 26. 
In these figures, the absorption coefficient, dp/u , and the dispersion 
K p 
coefficient, d-r/u , are plotted against the nondimensional collision 
frequency, v. 
In Figure 25, the BGK and CT solutions for the dispersion coeffic-
ient are compared with the results predicted by Equation 83 of Reference 
[ll] . Also shown on this figure are the points at which the discrete 
ordinate solutions cease to converge. As may be seen, the discrete ordi-
nate solutions converge for K = 0.1, 0.2 and 0.3. For K = 0.4 and 0.5, 
there exists values of v below which convergence is no longer obtained. 
This value of v increases as K increases. Note that there is very good 
agreement with the theory of Reference [ll]. For large values of v, it may 
be shown [ll] 
6l -2 
— ^ 1 + AK 
up P 
where A depends on v. The discrete ordinate solution clearly exhibits 
the dependence for v > 3. It may also be seen that the BGK and CT models 
predict nearly the same results. 
The absorption coefficient predicted by the discrete ordinate so-
lution is compared with the theory of Reference [ll] in Figure 26. As 
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CT Model 
Theory, Reference 11 
Denotes Lack of Convergence 
1 2 3 4 
Nondimensional Collision Frequency, v 
Figure 25. Dispersion Coefficient for One-Component Plasma. 
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Figure 26. Absorption Coefficient for One-Component Plasma. 
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may be seen, the comparison is excellent for K =0.1 for all values of v. 
For K = 0.2, good agreement exists at large values of v(v > 2). For 
r 
v < 2, the maximum deviation is approximately 10 per cent. For K = 0.3, 
the discrete ordinate theory differs from the theory of Reference [ll] by as 
much as twenty per cent for v < 1.5. It should be noted that Equation 83 
of Reference [ll] is strictly valid only for K « 1. Since the discrete 
•s 
ordinate solutions converged for K = 0.3, it is felt they are correct. 
For large values of v it may be shown that 
dR -2 
— - B K , 
u p 
P 
where B depends on v. That the discrete ordinate theory has this depend-
ence may be seen by examining the solutions for v > 3. Again the BGK and 
CT solutions are in very close agreement. 
117 
CHAPTER VII 
DISCUSSION AND CONCLUSIONS 
The method of discrete ordinates has been applied to the problem 
of wave propagation in simple monatomic gases, gas mixtures, and plasmas. 
This method of solution has been used with great success for other gas 
dynamics problems (e.g3, Couette flow, Rayleigh flow, etc.), however, 
it has not been applied to the prob em of wave propagation before. For 
this reason, it was necessary to determine the accuracy of the discrete 
ordinate method for this problem. Because good experimental data and 
many theories exist for the problem of forced sound propagation in a 
monatomic gas, this problem was chosen to calibrate the discrete ordinate 
method. As a further check, free sound propagation in a simple monatomic 
gas was also considered. After the accuracy of the discrete ordinate 
method was established, the problems of forced and free sound wave pro-
pagation in a binary mixture were solved. Finally, it was demonstrated 
that the discrete ordinate method may be used in the study of plasma os-
cillation. 
Throughout this thesis, models of the Boltzmann collision integral 
were used. These models made it possible to transform the single inte-
grodifferential equation involving integrations over velocity space (c , 
c , c ) into a coupled pair of integrodifferential equations which con-
tained a single integration over c . In general, a transformation of this 
type will not be possible if the full collision integral is retained. How-
ever, the discrete ordinate method may still be used. 
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The results of this investigation may be summarized in the follow-
ing conclusions: 
1. If a normal mode assumption regarding the space and time de-
pendence of the perturbation distribution function is made, the discrete 
ordinate technique yields results which are very similar to the polynomial 
expansion method. This was cemonstrated for both free and forced sound 
wave propagation. For forced sound wave propagation in a monatomic gas, 
it was found that the n = 8 discrete ordinate solution was comparable to 
the twenty-six term solution of Pekeris, et al. [6]. The n = 8 solution 
was also comparable to a Grad 25 moment approximation [7], The free sound 
wave solution was similar to the Grad 13 moment theory [l6] . The n = 8 
normal mode solution was in good agreement with the transformation theories 
for r > 1. Excellent agreement with the experimental data of Meyer and 
Sessler [l5] was obtained for r > 1. 
2. A solution valid in a highly rarefied gas (r « l) may be ob-
tained by solving for the perturbation distribution function explicitly. 
The solution is in good agreement with experimental data [l5'J and other 
theories [7, 9, 10, 12]for r < 0.1. This method of solution also yields 
the transient development of the perturbation pressure field. It was 
found that the approach to a steady state is quite rapid. 
3. A solution to the problem of forced sound propagation in a 
binary gas mixture was obtained which has the correct "clasical" limits 
for r » 1 and has the correct dependence on the concentrations of the 
two components. The solution was in excellent agreement with the experi-
mental data of Holmes and Tempest [l9] for both Argon-Helium and Neon-
Helium mixtures. A solution was also obtained for an Argon-Neon mixture. 
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4. The problem of free sound wave propagation in a binary mix-
ture was also solved. There is no known theory with which this solution 
may be compared, however, the solution appears reasonable. 
5. It is possible to use the method of discrete ordinates in 
the study of plasma oscillations. This was demonstrated by solving the 
problem of longitudinal electrostatic oscillations in a one-component 
plasma. The solution obtained was in good agreement with the theory of 
Bhatnagar, Gross and Krook [ll] . It was found that the results predicted 
by the BGK and CT models were in very close agreement. 
6. A major advantage of the discrete ordinate method is the ease 
with which higher approximations may be obtained. It appears that the 
method has great flexibility and may be applied to many practical problems. 
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APPENDIX 
COMPUTATIONAL PROCEDURE FOR HIGHLY RAREFIED SOLUTION 
The purpose of this appendix is to illustrate the procedure used 
to obtain the absorption and dispersion coefficients in the highly rare-
fied regime. 
The envelope of the perturbation pressure and two typical pres-
sure distributions are shown in Figure 49= Since the absorption and 
dispersion are functions of position, it is necessary to analyze the 
pressure field at a particular value of £« For the experiment of Meyer 
and Sessler, the location is determined from 
I = 9.7r , (1) 
where r = p /JUJ. Knowing x/L, one may readily obtain £ from the equation 
,,, 1 + C x _ .565 . , /0N 
^ e* 1 + K 
For the solution presented in Figure 49, e =1.0 and r = 0.01. 
Using these values of e* and r in Equations (l) and (2) yields 
K = .086 , 
the value of £ at which the pressure field is to be analyzed. 
The absorption coefficient, KT, may be obtained from 
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-d In p , A In p 
K _
 rxx _ _1 *xx 
dX I A (X) 
where p denotes the maximum perturbation pressure at a given point. 
xx 
Using the pressure peaks at £ = 0.08 and 0.087, one obtains from Equa-
tion (3) the result 
-iKj = 21.1 . (4) 
Since u©p = rr — and p = Jb/6 — , one may write 





For r = 0.01, t = 97.2 a /u, so that 
0 
K_a 
} =-0.22 (6) 
u 
The phase velocity of the wave may be determined from 
x 
- f i^ l f t • ™ 
whereA (y) is the nondimensional distance traveled by the pressure peak 
during the timeAT» For wave shown in Figure 27,A (x/L) = 0.0139 and 
A T = 0.628, so that 
A T Zu 
9 1 1 
^- = — a = 0.0222 (8) 
972 
From Equation (5), "Lu = a . Using this relation yields 
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Figure 27. Steady State Perturbation Pressure Envelope 
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